
13th National Congress on Theoretical and Applied Mechanics 
Sofia, 6th – 10th September 2017 

1 

 

UNSTEADY DENSITY DRIVEN FLOW AND CONTAMINANT 

TRANSFER IN A REGIONAL AQUIFER  

 
TS. KOTSEV 

Sofia University, Dept. of Math. and Informatics 

e-mail: tkotsev@fmi.uni-sofia.bg 

 

 

ABSTRACT. An attempt is done to simulate numerically the transport of dilute substations in 

Quaternary aquifer downstream of Eleshnitsa tailing pond. It is supposed  that on the surface 

of the area exists a sector with high concentration of а pollutant (sulphates) while it is zero 

elsewhere in the area. As a result the water density changes from a pristine water density close 

to the bottom to a higher density of saturated water near to the surface. Due to this difference a 

density driven flow arises and slow upwelling and downwelling movement of the water starts. 

The pollution located initially at the surface moves down and after a period of time reaches the 

bottom of the aquifer. Unsteady Darcy equation for creeping subsurface flow and mass trans-

fer equation in a porous media are solved simultaneously in 2D area by FEM. The geometry of 

the area used in the calculations follows approximately the real contour of the aquifer. The 

goal of the study is to predict time needed a given amount of pollution coming from surface 

water into Quaternary aquifer to reach the lower Neogene aquifer as well a steady state of the 

process. Plots representing the streamlines of the flow and concentration spreading for differ-

ent periods of time are shown. For high depths of the area the way of spreading shows the 

specific „fingers“ arising in the lines of equal concentration. 
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1. Introduction 

Eleshtnitsa tailing pond is located in the valley „Valche dere“ left tributary of 

Mesta river. Drainage water from the tailing pond is treated in a sewage treatment 

plant located at the foot of the wall and subsequently discharged into the surface wa-

ters of the gully which, depending on the seasons, feed or drain alluvial underground 

waters (Fig.1). Surveys conducted in 2012 [1] show the pronounced impact of the 

waters coming from the tailing pond onto underground water of the quaternary aqui-

fer in the valley „Valche dere“, where elevated concentrations of nitrates and sul-

phates are recorded. In the underlying Neogene aquifer, no increases in the concentra-

tions of these chemical components were reported. Subsequent studies have demon-

strated the existence of a pronounced hydraulic connection between both surface and 

underground water as well as between the two aquifers [2]. In the aquifer a change in 

fluid density may result in its movement even if it was initially stationary. The density 

of groundwater could change due to the occurrence of natural salts, change in temper-

ature or migrating pollutants, etc.  
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Fig.1 Overview map with geophysical profiles 

 

The purpose of the present work is to estimate approximately the time for which 

the pollution coming from Valche dere will reach the bottom of the quaternary aquifer 

and will penetrate the underlying Neogene aquifer and its concentration there. 

 

2. Statement of the problem 

We consider the distribution of sulfates transferred through the movement of 

groundwater in section PROFILE 3 and in particular in area A (Fig. 2). The flow rate 

of polluted water incoming from the tailing pond is variable over the time but it is 

average about 5-6 l/s per year with a concentration approx. 613,4 mg/l. With time this 

inflow of dilute substance increases the density of groundwater close to the surface.  

 

 
Fig.2 Geophysical profile 3 

 
The difference in the concentration of pollutant incoming from the surface water in 

the upper and lower quaternary aquifer and the change in the water density gives rise 

to a slow fluid movement in a sub-vertical direction. Water with higher concentration 

of pollutant near to the surface moves down until the pristine water close to the qua-
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ternary aquifer rises up. This is so-called Elder’s effect [3] observed in а laboratory 

for a water flow due to a difference in the temperature of the fluid and later general-

ized for motion due to a different concentration of a substance in it [4]. The ground-

water movement is slow, under gravity and the pollutant is transported mainly via the 

advection and molecular diffusion. We consider the case where on the surface of the 

studied area there is a section with high concentration of pollutant while at the bottom 

of the aquifer it is considered to be zero. It is also believed that the porous media is 

homogeneous and isotropic with a porosity factor ε and that initially the water is sta-

tionary and the concentration is zero elesewhre except in the restricted area on the 

surface. When the surface concentration increases significantly a slow upwelling and 

downwelling movement occurs. 

 

3. Mathematical model and method of solution 

A two-dimensional curvilinear area approximating the real cross section of the 

aquifer is shown at Fig.3. The width of the quaternary aquifer in the profile under 

consideration is 240 [m], and the largest depth is 19 [m]. 

 

 
 

Fig.3 Area geometry with boundary and initial conditions 

 

The process of pollution spreading is described by the mutual study of two physical 

processes – slow flow of the fluid (grounwater) and solution transfer. The slow 

movement of groundwater under the action of hydrostatic pressure is described by the 

non-stationary Darcy equation: 

 

(1)
 

,
 
where

 

 

 
 

 
is Darcy velocity vector (permeation velocity) that depends on the permeability of the 

layer k [m2], porosity ε, dynamic water viscosity μ [Pa.s], density ρ [kg/m3],  gravita-

tional acceleration g [m/s2] and gradient of the head ∇H. 
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The boundary conditions for the equation of motion are: 

 

- no flow across the boundaries of the area. 

 
(2)     n. ρv= 0,  where n is the normal vector to the surface 

 

- the pressure at the surface is equal to the atmospheric pressure 

 

(3)  p=p0. 

 

Initial condition: 

 

(4)  p(x,y,0) = ρ0gH,           t=0. 

 

The mass distribution equation of the dissolved substance is described by the equa-

tion: 

(5)
      

where c is the concentration of sulphates [mol/m3], τDL - molecular diffusion coeffi-

cient [m2/d], θS is the volume fraction of the fluid. 

 

The boundary conditions are: 

 

- no mass transfer across the boundaries of the area 

 
(6)  n.[cv – θSτDLc] = 0  

 
- fixed concentration of the pollutant on a part of the surface  

  
(7)  c=cS 

 

Initial condition: 

 

The concentration is zero anywhere except for a limited surface area. 

 
(8)  c(x,y,0) = 0,    t=0. 

 
According to [4], the relationship between density and concentration is linear and is 

given by the formula: 
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(9)  ρ = ρ0 + bc = ρ0 +c(ρS – ρ0)/(cs – c0), 

 

where cS, c0, ρS и ρ0  are the concentrations and densities of the pristine and salty 

water  respectively. 

Darcy equations (1) and the equation for the transfer of the dissolved sub-

stance (5) with the corresponding boundary and initial conditions are solved numeri-

cally by the finite element method. For this purpose the two-dimensional area consid-

ered is discretized by a network of finite elements – in this case triangular ones are 

used that best cover the examined area and the curvilinear boundaries. The network of 

finite elements may be set to be denser where the flow gradients are larger and vice 

versa – coarse in the regions where the motion is weak. The software generates a 

system of equations that must be solved in order to receive a solution of the problem. 

The size of the matrix of this system gives the so-called degrees of freedom (DOF). 

The number of degrees of freedom is a function of the number of elements, their 

shape and the number of variables we solve the equations for. In the present study the 

DOF is of the order of 76150. For numerical solving of the system direct and iterative 

solvers are available and in the present simulation an iterative solver is used, giving 

good convergence and a short time for calculation. The iterative process in the two-

dimensional case is rapidly descending with an order of error of 10-6. 

 

 

 
 

Fig.4 Discretized area with finite elements 

 
 

4. Results 

Numerical simulations are done for the following parameters of the porous me-

dia and groundwater: 

 porosity of the layer ε = 0,384. Porosity is a dimensionless parameter that takes 

values between 0 and 1. The area considered has relatively good porosity that fa-

cilitates the movement of groundwater caused by the change in the density. 

 water flow rate from the tailing pond – 5,5 l/s with sulphate concentration (SO4) – 

613,4 mg/l. 
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 permeability of the layer k = 500 m/D. 

 zero initial concentration of the pollutant in the area. c0 = 0 

 water density close to the surface of the contaminated section of the boundary ρS = 

1200 kg/m3 and pristine water density ρ0 = 1000 kg/m3. 

 width of the profile measured on the surface of the area L = 240 m, maximum 

depth – HMAX = 19 m. 

 molecular diffusion coefficient  DL = 3,56.10-6 m2/s. 

 
It is supposed that initially the whole area is free from pollutants except in a limited 

part from the surface where the concentration of the sulphates is high. Due mainly to 

the diffusion the concentration around the contaminated surface changes and creates 

water density gradient. The movement of water starts at the borders of the zones with 

increased concentration, where the density gradients are higher. When the contamina-

tion section has a width of 15 m measured from both sides of the stream that pass 

through this profile, the picture of the flow and concentration for different time peri-

ods is given in Fig. 5. The sulphate concentration is distributed almost uniformly and 

symmetrically across the surface area of increased concentration. Due to the small 

depth of the area pollution relatively fast reach the bottom of the basin. From the nu-

merical experiments it was found that the time needed is about a year and a half. 

 

 

 
 

Fig. 5. Spreading of the pollutant for different time periods 
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The velocity streamlines and the distribution of the concentration of the pollutant 

after 1, 6 and 12 months as well as the steady state are shown in Fig. 6 
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Fig.6 Velocity streamlines and concentration after 1, 6, 12 months and steady state 

 

 
The mechanism of polluttion spreading is different when the depth of the area is 

large, for example about 100 m and more. For simplicity let us assume that the profile 

has a trapezoidal shape – the width of the surface to be 200 m and the depth – 100 m. 

The change in the concentration on the boundary prisine water – saturated with salts 

water leads to formation of so-called „fingers“ that descend to the bottom and gradu-

ally cover the whole area (Fig.7). At the initial stages of the development of the flow 

between so called „fingers“ small convection cells appear which grow and unite with 

time. By decreasing the width of the contaminated surface the way of spreading of the 

of the dissolved substance also changes.  
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Fig.7. Velocity streamlines and concentration spreading in a basin with depth 100 m, e = 0,1 

and width of the polluted section 130 m for periods of time 1, 3, 5, 10 and 20 years. 

 
From the numerical experiments carried out for big depths of the area and fixed po-

rosity e = 0,1 it was found that when the width of the polluted surface is less than one 

quarter from the width of the whole basin the „fingers“ of the concentration are not 

formed. The appearance of these „fingers“ depends also on the porosity of the layer. 

The smaller is the porosity, the earlier they appear. Fig.8. 

 

  
 

Fig.8 Concentration spreading for different porosity 

 
At a small depth of in the basin for example 20 meters, as is the present case with the 

profile under the tailing pond, even if the polluted surface occupies the entire width, 

the concentration isolines move to the bottom of the area almost uniformly and with-

out projections as is mentioned above. 

 
4 Conclusion 

The density driven upwelling and downwelling movement of underground 

waters, known as Elder's effect, serves as a reference for various numerical simula-

tions of motion in the porous media. The non-linearity of the task and the discontinu-

ous boundary conditions are a challenge for the accurate modeling of a similar kind of 

movement. The model used in this article could be extended to a three-dimensional 

area, it can also be applied to a non-isotropic porous media. 
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